Robust estimation of attenuation coefficients remains a challenging problem, especially for heterogeneous and anisotropic models. Here, we apply full-waveform inversion (FWI) for attenuation analysis in heterogeneous VTI (transversely isotropic with a vertical symmetry axis) media. A time-domain finite-difference algorithm based on the standard linear solid model simulates nearly constant quality-factor values in a specified frequency band. We employ the adjoint-state method to derive the gradients of the objective function in the Born approximation. Four parameters describing the attenuation coefficients of P-and SV-waves are updated simultaneously with the L-BFGS technique. The inversion algorithm is tested on homogeneous models with a Gaussian anomaly in one of the Thomsen-style attenuation parameters. Accurate knowledge of the velocity parameters and sufficient aperture of the experiment make it possible to resolve the anomaly, with better estimates of its shape and peak magnitude obtained for a lower-frequency source wavelet.
INTRODUCTION
Viscoelasticity is a ubiquitous property of the subsurface, which produces energy dissipation and velocity dispersion during wave propagation. Attenuation coefficients can be utilized to obtain important information about reservoir rocks such as the fluid type, saturation, and mechanical properties of the rock matrix (Johnston et al., 1979; Tiwari and McMechan, 2007) . It is also essential to correct for attenuation in seismic imaging and inversion (e.g., Causse et al., 1999) .
Formations that exhibit velocity anisotropy are often characterized by even stronger attenuation anisotropy Best et al., 2007; Chichinina et al., 2009 ). Laboratory experiments have shown that attenuation anisotropy may help estimate the orientation and properties of aligned fractures and the presence of organic laminae inside the rocks (Best et al., 2007; Chichinina et al., 2009; Ekanem et al., 2013) .
Attenuation coefficients can be estimated from the reduction in the dominant frequency of the signal, which is the main idea behind the centroid frequency shift method (CFSM) and the peak frequency shift method (PFSM). However, both methods are valid only for certain wavelet types characterized by a Gaussian amplitude spectrum (de Castro Nunes et al., 2011) . The spectral-ratio method (SRM) (e.g., Sams and Goldberg, 1990 ) estimates the quality factor Q in the frequency domain from the slope of the amplitude ratio of two arrivals.
Although the performance of SRM depends on the chosen frequency band and on the clipping function applied at the edges of the bandwidth, it is generally more stable than other conventional methods (de Castro Nunes et al., 2011) . For anisotropic media, SRM-based layer-stripping schemes for P-and S-wave attenuation analysis are proposed by Behura and Tsvankin (2009) and Shekar and Tsvankin (2011) , respectively. However, all conventional methods are generally limited to structurally simple subsurface models and may give erroneous results in the presence of interference (Hackert and Parra, 2004; Reine et al., 2012) .
Full-waveform inversion (FWI) can potentially provide more robust attenuation estimation for realistic subsurface structures. Originally introduced by Tarantola (1984) , FWI has been widely used for building high-resolution velocity models, with the influence of attenuation often neglected for simplicity. However, as shown by Kurzmann et al. (2013) , applying purely acoustic FWI to viscoacoustic data may distort the recovered velocity profile. Significantly improved inversion results can be achieved by including even smoothly varying Qmodels in the simulation. In another example discussed by Causse et al. (1999) , a viscoacoustic FWI algorithm with preconditioning helps compensate for attenuation-induced phase and amplitude distortions, and consequently yields more accurate velocity parameters.
Recent progress in multiparameter waveform inversion makes it possible to extend FWI to anisotropic and/or atten-uative models. Kamath and Tsvankin (2016) develop an algorithm for elastic FWI of multicomponent data from VTI media and study the sensitivity of the inversion to the Thomsen parameters by computing their radiation patterns. To analyze the trade-offs in multiparameter viscoelastic FWI for isotropic media, Brossier (2011) conducts synthetic transmission experiments and observes that while attenuation has little impact on velocity estimation, velocity and density can leave a strong imprint on attenuation coefficients. Therefore, viscoelastic FWI can be implemented using a hierarchical approach, in which the velocity parameters are recovered prior to attenuation analysis (Kamei and Pratt, 2008; Prieux et al., 2013) . The inverted attenuation coefficients, however, usually have a lower resolution than their velocity counterparts (Denli et al., 2013; Barnes et al., 2014) . Bai and Yingst (2013) apply multiscale FWI to estimate the attenuation coefficients for a viscoacoustic version of the Marmousi model. Using the actual velocity field, they obtain a high-resolution isotropic Q-image, which somewhat deteriorates at depth.
By incorporating the generalized standard linear solid model, Bai and Tsvankin (2016) devise a time-domain finitedifference algorithm to simulate nearly constant values of the components of the anisotropic quality-factor matrix within a specific frequency band. Numerical examples for 2D models with VTI symmetry for both velocity and attenuation demonstrate that this method remains accurate for complicated subsurface structures.
In this paper, we employ the modeling methodology of Bai and Tsvankin (2016) to perform FWI for viscoelastic VTI media. First, we briefly discuss the time-domain viscoelastic modeling algorithm designed to produce frequencyindependent Q-values. Next, the gradients of the FWI objective function with respect to the TI attenuation parameters are derived by applying the adjoint-state method. Assuming the velocity field to be known, we invert just for certain combinations of the Thomsen-style attenuation parameters AP 0, AS0, Q and δ Q . Finally, synthetic transmission experiments with Gaussian anomalies illustrate the feasibility of the proposed algorithm.
METHODOLOGY

Forward modeling for viscoelastic VTI media
Viscoelastic wave propagation can be simulated in a relatively straightforward way in the frequency domain by making velocities or stiffness coefficients complex (e.g., Operto et al., 2007; Shekar and Tsvankin, 2014) . However, frequency-domain full-waveform modeling methods (e.g., finite-differences) are hampered by excessive memory requirements (Virieux et al., 2009) . Aside from their advantage in large-scale applications, time-domain simulations are also more robust for complex (e.g., elastic and anisotropic) models and facilitate selection of specific arrivals (Virieux et al., 2009; Kurzmann et al., 2013) . Time-domain viscoelastic modeling is accomplished by superposing several rheological bodies, each providing a relaxation mechanism (Emmerich and Korn, 1987; Carcione, 1993; Blanch et al., 1995; Bohlen, 2002) . In most seismic applications, two to three relaxation mechanisms are sufficient for a nearly constant-Q simulation (Emmerich and Korn, 1987; Bohlen, 2002) . Zhu et al. (2013) observe that even one mechanism with properly chosen parameters can produce reasonably accurate results within the frequency band typical for surface seismic surveys.
Here, primarily for purposes of computational efficiency, we employ only one relaxation mechanism. The expressions for the stress relaxation time and so-called τij-parameters can be found in Appendix A. As discussed by Bai and Tsvankin (2016) , anisotropic attenuation can be described by the following relaxation function (shown here with only one relaxation mechanism):
where C R ijkl = Ψ ijkl (t → ∞) is called the "relaxed stiffness," which corresponds to the low-frequency limit (ω = 0), τ σ denotes the stress relaxation time determined by the dominant frequency (equation A-1), the τ ijkl -parameters measure the difference between the stress and strain relaxation time and quantify the magnitude of attenuation in anisotropic media (equation A-2), and H(t) is the Heaviside function. The relaxation function at zero time yields the "unrelaxed stiffness":
The stiffness difference ∆C ijkl = C U ijkl − C R ijkl (equation A-3) is proportional to τ ijkl and, therefore, reflects the magnitude of attenuation.
We describe P-and SV-wave attenuation in VTI media by the Thomsen-style parameters AP 0, AS0, Q and δ Q . AP 0 and AS0 denote the P-and S-wave attenuation coefficients in the vertical (symmetry-axis) direction (equations C-1 and C-2). The parameter Q quantifies the fractional difference between the horizontal and vertical Pwave attenuation coefficients, and δ Q controls the curvature of P-wave attenuation coefficient at the symmetry axis (equations C-3 and C-4). Combined with the unrelaxed stiffness coefficients C U ijkl (used as the reference elastic parameters), these attenuation parameters can be converted into the qualityfactor elements Q ijkl ( or ∆C ijkl , as in equation A-3).
The viscoelastic stress-strain relationship (an extension of Hooke's law to attenuative models) can be expressed as
where r kl are the memory variables, which satisfy the following partial differential equations (Bai and Tsvankin, 2016) :
Viscoelastic full-waveform inversion
FWI utilizes the entire waveforms of certain arrivals (e.g., diving waves and/or reflections) to iteratively update the model parameters. The degree of data fitting is usually evaluated with the 2-norm objective function (e.g., Tarantola, 1988; Tromp et al., 2005) :
where u(xr, t, m) denotes the data computed for the trial model m, d(xr, t) is the observed data, r is the receiver index, and t is the time. Summation over shots is implied. Instead of calculating the Fréchet derivatives, which can be prohibitively expensive, the gradient of the objective function is typically computed with the adjoint-state method (Tarantola, 1988; Tromp et al., 2005; Fichtner, 2005) . Then just two simulations of wave propagation (one forward and one adjoint) are required to update the model at each iteration. In viscoelastic media, the adjoint wavefield is "propagated backward in time, with numerically stable negative attenuation" (Tarantola, 1988) . Tromp et al. (2005) and Fichtner and van Driel (2014) present the adjoint equations for general anisotropic attenuative media, but implement them only for isotropic attenuation. By applying the Born approximation, the gradients for the viscoelastic parameters ∆C ijkl (equation A-3) can be expressed as the cross-correlation of the memory variables from the forward simulation with the adjoint strain field (Tarantola, 1988; Appendix B) :
where u † denotes the adjoint displacement field. FWI algorithms for attenuative media are usually parameterized by coefficients inversely proportional to the quality factor Q (Liao and McMechan, 1995; Bai and Yingst, 2013) . Here, we invert for AP 0, AS0 (equations C-1-C-2) and two more parameters of similar magnitude (A P h , AP n) that depend on attenuation anisotropy. The P-wave horizontal attenuation coefficient A P h is given by:
To account for the attenuation-anisotropy coefficient δ Q , we define another attenuation parameter, AP n:
which mainly governs the variation of P-wave attenuation near the symmetry axis, and has a form similar to the normalmoveout (NMO) velocity for a horizontal VTI layer. As described in Appendix C, the gradients for the stiffness differences ∆C ijkl can be converted into those for the attenuation coefficients AP 0, AS0, A P h , and AP n by applying the chain rule (equations C-5-C-8).
To reduce the ambiguity of the inverse problem, we assume the velocity parameters (C U ijkl ) and density to be known. This prevents cycle-skipping in the inversion because the influence of attenuation-induced dispersion in the seismic frequency band is typically small Kurzmann et al., 2013) . Hence, the FWI algorithm can operate with relatively high frequencies to increase the sensitivity of the wavefield to attenuation. The L-BFGS method is applied to scale the gradients by an approximate inverse Hessian matrix.
SYNTHETIC EXAMPLES
Here we conduct a series of transmission experiments for Gaussian anomalies in the Thomsen-style attenuation parameters embedded in a homogeneous VTI background. The velocity parameters VP 0, VS0, , and δ and the density are constant and kept at the actual values during the inversion. The reference frequency, which determines the stress relaxation time (equation A-1) needed in the viscoelastic wave equation A-8, is set equal to the central frequency of the wavelet. Starting from the homogeneous background model, we conduct simultaneous inversion for the attenuation parameters AP 0, AS0, A P h , and AP n using the gradients obtained in equations C-5-C-8. To illustrate the influence of frequency on the inversion results, each test is performed for two wavelets with a different central frequency (100 Hz and 30 Hz).
First, we introduce a Gaussian anomaly in AP 0 into a homogeneous VTI background and place horizontal source and receiver arrays above and below the anomaly (Figure 1 ). Because the parameters Q and δ Q are constant, there are anomalies in A P h and AP n as well (equations 7 and 8). Although much of the AP 0-anomaly is recovered (Figure 2(a) ), its shape is distorted and the peak magnitude (AP 0 = 0.017 or QP 0 = 29) deviates from the actual value (AP 0 = 0.025 or QP 0 = 20), likely due to the narrow aperture. As expected, the update in the shear-wave coefficient AS0 is negligible. However, the parameters A P h and AP n, which are supposed to vary along with AP 0, remain almost unchanged (Figure 2 (c) and 2(d)). The same experiment with a lower-frequency (30 Hz) wavelet produces different inversion results ( Figure 3 ). The peak magnitude (Figure 3 (a)) of AP 0 is even less accurate (AP 0 = 0.015 or QP 0 = 33); but the A P h -and AP nfields (Figure 3 (c) and 3(d)), have an update proportional to that in AP 0.
Next, we reduce the distance between the source and receiver arrays to include a wider range of propagation angles (Figure 4) . The inversion results for both frequencies are significantly improved in terms of the peak magnitude and shape of the recovered anomalies (compare Figure 2 with Figure 5 , and Figure 3 with Figure 6 ). Yet not all parameters (especially A P h and AP n for 100-Hz wavelet) are accurately resolved, although the value of the objective function rapidly decreases for both wavelets (Figure 7) .
To explain the frequency dependence of the inversion results (especially those for A P h and AP n), we examine the behavior of the objective function near the actual model for the 100-Hz and 30-Hz wavelets (Figure 8 ). For the model in Figure 4 , we conduct a series of forward simulations with variable peak values of the Gaussian anomalies in A P h and AP n, while keeping AP 0 (which also contains an anomaly) and AS0 at the actual values. There is a significant trade-off between A P h and AP n, especially for the higher-frequency wavelet in Figure 8(a) . Indeed, the objective function has an elongated The central frequency of the source signal is 100 Hz. The peak value of the recovered anomaly in A P 0 is accurate, but A P h and A P n are barely updated.
"valley" near the diagonal line where A P h = AP n (Figure 8 ).
Reducing the frequency of the wavelet from 100 Hz to 30 Hz mitigates this interplay (Figure 8(b) ) and improves the inversion results (compare Figures 5 and 6 ).
Next, we introduce a Gaussian anomaly in the shear-wave coefficient AS0 using the same background model and sourcereceiver geometry as in Figure 4 , but with horizontal displacement sources. The peak magnitude of the AS0-anomaly is 0.025 (QS0 = 20), and the background value is AS0 = 0.005 (QS0 = 100). When the 100-Hz wavelet is used, only AS0 gets updated (Figure 9(b) ), but the shape of the anomaly is distorted and its peak (AS0 = 0.019 or QS0 = 26) deviates from the actual value. Figure 10 demonstrates that the data residuals are substantially reduced after the inversion, and the inverted model in Figure 9 provides a close fit to the observed data (Figure 11) . Because AS0 has no apparent trade-offs with the other attenuation parameters (Figure 9 ), the errors are likely caused by the ambiguity related to the pronounced spatial variation in AS0. As before, reducing the central frequency from 100 Hz to 30 Hz ensures a more accurate recovery of the peak magnitude (AS0 = 0.022 or QS0 = 23) and shape of the anomaly (Figure 12 ).
Finally, the algorithm is tested on a model with a negative Gaussian anomaly in Q (Figure 13 ). As expected, the most significantly updated parameter is A P h = AP 0 (1+ Q ), but for the 100-Hz wavelet, both the shape and the peak magnitude of the Q -anomaly are distorted ( Figure 14 ; the peak Q = −0.57 instead of −0.8). Yet again, the 30-Hz wavelet yields better inversion results with a more circular shape of the anomaly and a closer estimate of the peak value ( Q = −0.72). 
DISCUSSION
It is well known that low frequencies play a vital role in waveform inversion for velocity parameters. The influence of frequency in attenuation estimation is more complicated. On the one hand, a higher-frequency source wavelet produces more strongly attenuated arrivals and boosts the sensitivity to the relevant attenuation parameters. On the other hand, inversion for high frequencies is more likely to be impeded by local minima of the objective function (as is the case for velocity estimation) and smaller amplitudes of recorded arrivals. In our study, the best results were obtained for a 30-Hz wavelet, which consistently outperformed its 100-Hz and 10-Hz (the latter is not shown in the report) counterparts. The influence of frequency on viscoelastic FWI should be more thoroughly analyzed in the future, and a multiscale inversion algorithm (starting from low frequencies) could make the inversion more robust and accurate.
The source-receiver configuration in this paper is designed to better constrain the perturbed attenuation parameters. The anomaly in the P-wave vertical attenuation coefficient AP 0 was recovered using near-vertical raypaths, whereas crosshole-geometry was employed for estimating the coefficient A P h , which is responsible for the P-wave attenuation near the horizontal isotropy plane. It would be beneficial to investigate the so-called "radiation patterns" (Alkhalifah and Plessix, 2014; Kamath and Tsvankin, 2016) of the attenuation parameters, which could help identify trade-offs and devise a robust multiparameter inversion methodology.
The presented algorithm is not designed to update velocity parameters, which should be known a priori. Hence, it will be important to assess the influence of realistic errors in the anisotropic velocity field on the inverted attenuation parameters.
CONCLUSIONS
We presented a time-domain FWI methodology for attenuation estimation in transversely isotropic media. The finitedifference modeling algorithm simulates a nearly constant Qmatrix in the seismic frequency band using one relaxation mechanism. By applying the adjoint-state method and the Born approximation, we obtained the gradients of the objective function with respect to the viscoelastic parameters ∆C ijkl through the cross-correlations of the memory vari- Figure 11 . Horizontal displacement computed with the 100-Hz wavelet for the model with the A S0 -anomaly. Both the source and receiver are located at x = 0.25 km. The solid red line and the dashed blue line mark the data generated with the initial and inverted models, respectively; the dotted black line is the observed data.
ables (computed from the forward simulation) with the adjoint strain field. Then the gradients for the VTI attenuation parameters AP 0, AS0, A P h , and AP n are found from the chain rule.
The inversion algorithm was tested on homogeneous VTI models with a Gaussian anomaly in one of the Thomsen-style attenuation parameters. A perturbation in AP 0 (with fixed Q and δ Q ) leads to the corresponding anomalies in the parameters A P h and AP n. With horizontal arrays of sources and receivers and sufficient aperture, the inversion using a 100-Hz wavelet accurately recovers AP 0, whereas A P h and AP n are barely updated. Analysis of the objective function shows that the difficulty in estimating A P h and AP n is due to the tradeoff between these two coefficients. Reducing the central frequency of the wavelet to 30 Hz improves the inversion results for A P h and AP n, although the peak values of the anomalies are underestimated.
The algorithm was more successful in reconstructing the anomalies in AS0 and Q (A P h ). In the absence of obvious cross-talk with the other parameters, the peak magnitude and shape of each anomaly were accurately recovered, with better results for the low-frequency (30-Hz) wavelet.
Our initial results generally confirm the feasibility of estimating anisotropic attenuation models with FWI, provided the velocity parameters are known with sufficient accuracy. The sensitivity of the algorithm to velocity errors and application to more realistic models are topics of ongoing research. Using the standard linear solid model, which includes only one relaxation mechanism, the stress relaxation time τσ and the attenuation parameters τij (Bai and Tsvankin, 2016) can be approximated as τσ ≈ 1 2 π f0 , (A-1) and τij = 2
where f0 denotes the reference frequency, which is often defined as the central frequency of the source wavelet.
The τij-parameters, which quantify the magnitude of attenuation in anisotropic media (Bai and Tsvankin, 2016) , can be converted into another set of viscoelastic parameters denoted by ∆Cij:
where C U ij and C R ij denote the unrelaxed and relaxed stiffnesses coefficients, respectively. The elements C U ij , which define the velocity field, are assumed to be known in our study.
The stress (σij) -strain ( kl ) relationship in anisotropic viscoelastic media can be written as:
where Tij is the stress tensor and " * " denotes the convolution operator. Parameterizing the relaxation function (equation 1 in the main text) in terms of C U ij and ∆Cij yields:
Introducing the memory variables,
we rewrite equation A-5 as
Equations A-7-A-8 and the momentum conservation law constitute the viscoelastic wave equations for VTI media.
APPENDIX B: GRADIENTS FOR VISCOELASTIC PARAMETERS ∆CJKLM
In this section, we follow the approach of Charara et al. (2000) to derive the gradients of the objective function with respect to ∆C jklm . Application of the Born approximation to the viscoelastic wave equations (equations A-7-A-8) yields:
where δui, δσij, δ kl , and δr kl are the perturbed wavefield variables, and δf and δT are the virtual force and stress, which are determined by the perturbed model parameters (δρ, δC U ijkl , and δ∆C ijkl ):
The solution of the perturbed viscoelastic wave equation can be written as where ∂u/∂m denotes the Fréchet kernel (Tarantola, 1988) , we obtain with the kernels ∂ui/∂m being identical for a linear operator and its transpose (Tarantola, 1988) . Then the gradient for the viscoelastic parameters takes the form: Therefore, the gradients for the viscoelastic parameters ∆C jklm are the zero-lag cross-correlations of the forward memory variables r lm with the adjoint strain fields ∂u † j /∂x k (Charara et al., 2000) .
APPENDIX C: GRADIENTS FOR TI ATTENUATION PARAMETERS
The P-and S-wave attenuation coefficients in the symmetry direction can be expressed through the quality-factor matrix Qij as follows :
, (C-1) and AS0 = Q55 1 + 1 Q 2 55 − 1 ≈ 1 2Q55
.
(C-2) 86 T. Bai and I. Tsvankin
The influence of attenuation anisotropy on P-and SV-waves is described by the coefficients Q and δ Q :
(C-4)
For inversion purposes, it is convenient to operate with parameters that have similar magnitudes and physical meaning. Here, we employ the horizontal P-wave attenuation coefficient A P h and a new parameter denoted by AP n (equations 7-8), which absorb the influence of the coefficients Q and δ Q , respectively.
The gradients for the TI attenuation parameters are then obtained from those for ∆C ijkl (equation B-11) using the chain rule: 
